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The au thor s  compute  the amount  of a i r  e j ec ted  f r o m  s u p e r s o n i c  n o n i s o t h e r m a l  underexpanded  
je t s .  The r e su l t s  a re  c o m p a r e d  with t e s t  data .  

P rand t l  t h e o r y  is used  in [1, 2] to  examine  a method  of ca lcu la t ing  the appa ren t  m a s s  of a je t  d i s cha rg ing  
under  des ign  condi t ions .  The mixing cons tan ts  f o r  the en t r ance  and main  sec t ions  of the je t  (b 1 = 0.27 and b 1 = 
0.22, r e spec t ive ly )  w e r e  d e t e r m i n e d  f r o m  t e s t s  with i n c o m p r e s s i b l e  j e t s .  However ,  as was shown by c o m p a r i n g  
the  r e su l t s  of ca lcula t ion  with e x p e r i m e n t s ,  even for  cold a i r  j e t s  the value of the mixing cons tan t  b 1 depends  
on the Mach n u m b e r  at the nozz le  exit  M a, and t he re  a r e  no data  to take account  of the inf luence of the  deg ree  
of p rehea t ing  on the e jec t ion  capabi l i ty  of n o n i s o t h e r m a l  underexpanded  je t s .  

F r o m  an expe r imen ta l  inves t iga t ion  of the e jec t ion  capac i ty  of s u p e r s o n i c  gas  je ts  [3] one can de t e rmine  
the appa ren t  m a s s  of t he se  je ts  d i s cha rg ing  into an i m m e r s e d  m e d i u m  (air) f r o m  con toured  nozz l e s  (~a = 0) 
with exi t  Mach n u m b e r  M a = 1 .53-3.03 and deg ree  of underhea t  of the gas  ~* = 1-6.9 .  A sec t ion  of the je t  of 
length ~ = 1-9 was  inves t iga ted ,  the combus t i on  p r o d u c t s  with the above d e g r e e  o f  underhea t  had ka = 1.4-1.277,  
r e spec t i ve ly ,  and the  deg ree  of underexpans ion  was  v a r i e d  in the r ange  n = 0 .6-2.06.  

F r o m  these  e x p e r i m e n t s  we d e t e r m i n e d  the coef f ic ien t  b 1 f o r  the des ign d i s c h a r g e  condit ion (n = 1 ). The 
dependence  of the mixing cons tan t  on the deg ree  of underhea t  is i n c r e a s i n g  in c h a r a c t e r :  f o r  an i n c r e a s e  of 
je t  s t agna t ion  t e m p e r a t u r e  f r o m  T o = 300~ to T o = 1900~ the coef f ic ien t  bl d e c r e a s e s  by roughly  a f a c t o r  of 
2 to  3 (Fig. 1). In addit ion,  the coef f ic ien t  b 1 h a s  d i f fe ren t  va lues  f o r  the d i f ferent  mixing zones .  One of the 
dependences  bl(x) r e p r e s e n t e d  in F ig .  2 f o r  Ma = 1.53 i l l u s t r a t e s  this .  It can be seen  that  in the e n t r a n c e  s e c -  
t ion  of the des ign  j e t  (to the left  of the b roken  l ine,  ~ __ ~ent) this  r e l a t ion  is complex ,  and outside the e n t r a n c e  
sec t ion ,  i .e . ,  in the t r a n s i t i o n  and ma in  sec t ions  (to the r igh t  of the b roken  line, x > Xen t) the coef f ic ien t  b 1 r e -  
ma ins  p r a c t i c a l l y  cons tan t  f o r ~ *  = cons t .  

By reduc ing  the expe r imen ta l  data  one can obtain the coeff ic ient  b 1 as a funct ion of the p a r a m e t e r s  ~ * ,  ~, 
for the entr -ce section <_  ent): 

b~ = exp A' -k B' in x-k  C~, (1) 

where  

A' = - -  1.597 a ~  - -  0.106 0* -~ 1.09 (a)~a 2 )2 ~_ 0.352.10 -~ (0")~ -~ 
9s- , ~- 0.904. l0 -1 a)~7 0 -~ 0.77.10-2 (a~.~ (~;)2 + 0.788; 

B' = 1.381 a)~a 2 ~- 0 ,858.10-~* - -  1.207 (a~)z ~- 0.152. l0 -~ (~-.)2 _ 

- -  0.28 a)~ 0* ~- 0.237- 10 -1 (a)~ ~-,)z _ 0.34; 

C' = - -0 ,177 .10 - '  a~a 2 --0.539-10-20 * -~ 0.44.10 -~ (a~)2 ~_ 

-}- 0.t38.10 -~- (~-,)2 ~ 0.536-10 -1 aka~O * - -  0.688-10-2(ak~0-'*)2--0.414.10 -2.  

and fo r  the main  sec t ion  (~ > ~ent): 

bl = 0.8406.10-'  ak~ --0.2975.10-1-0 * ~- 0.3571. (2) 
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Fig. I. Coefficient b i as a function of the relative tem- 

perature ~-* (Ma = 2.03; n = i; k a = 1.40-1.28): i) ~ = 1 

(entrance section); 2) ~ = 6 (main section). 
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F i g .  2. Coe f f i c i en t  b 1 a s  a func t ion  of the  a x i a l  d i s t a n c e  
(Ma = 1.53; the  s o l i d  c u r v e s  show t h e o r y ;  the po in t s  

show e x p e r i m e n t ;  the  b r o k e n  l ine  shows  the  l e n ~ h  of the 
e n t r a n c e  s e c t i o n  Tent)" 1, 7) -~* = 1, k a = 1.4; 2, 8) 2 and 
1.344, r e s p e c t i v e l y ;  3, 9) 3 and 1.317; 4, 10) 4 and 1.30; 
5, 11) 5 and 1.285; 6, 12) 6 and 1.277. 

The values of b i determined from Eqs. (i) and (2) are shown by the solid line in Fig. 2. An estimate of the 

error of the approximations of Eqs. (I) and (2) (using the Fischer criterion) showed that it exceeds the error 

of measurement, but is not more than 13%. 

The apparent mass of the design jet (n = I) can be determined as the difference of the mass flow rates in 

the transverse section of the jet between the total flow rate QE and the flow rate of gas discharging through the 

nozzle Qa [2, 4]. We can write the relative apparent mass as 

or ,  a f t e r  t r a n s f o r m a t i o n s ,  

q _ Q=--Qa Qab.at 1 (3) 
O~ Q~ 

w h e r e  

ra \ ra J 

k~ --- b~ [ ! + o0* (1 2 - -  a;~,  )] ( A ,  - -  ,4 .2;  

ko = bl 1 -[- o()* (1 - -  a ; k ~  ) - [A22 -Jr- 2 ( A o  - -  A 1  ~, AoA~ - -  A~A.2) - -  A~ - -  2 (An - -  A~2)]; 

1 1 1 

A 0 = ff P =  d/i; A1 ~ -  S p -  (1 - -  tq3/2)2 d~; A 2 ~ i p .  (1 - -  "q3/2)4 d11; 
Po Po ~ Po 

1 1 

( 4 )  
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Fig. 3 Fig. 4 

Fig .  3. Var i a t ion  of the apparen t  m a s s  qa of an i s o t h e r m a l  je t  as  a func -  
t ion of the axial  d i s tance  ~ (n = 1.6; 0-* = 1; k a = 1.4; the sol id  l ines a r e  
ca lcu la t ions  using our  technique;  the points  a re  expe r imen t s  of [4]); 1, 4) 
Ma = 1.53; 2, 5) 2.03; 3, 6) 3.01. 

F ig .  4. Var i a t ion  of the appa ren t  m a s s  of a n o n i s o t h e r m a l  j e t  as  a f u n c -  
t ion of the deg ree  of tmderexpaas ion  n (M a = 2.03; ~ = 1.75; the so l id  
l ines a re  theory ,  the points  a r e  ou r  exper iment ) :  1, 10) 0* = 1, ka = 
1.4; 2) 2.12 and 1.39, r e spec t i ve ly ;  3) 2.35 and 1.385; 4) 2.6 mad 1.37; 
5) 3.2 mad 1.35; 6) 3.41 and 1.355; 7) 3.83 and 1.335; 8) 4.34 and 1.32; 9) 
4.7 and 1.31; 11) 2.0 and 1.344; 12) 3.0 and 1.317; 13) 4.0 mad 1.3; 14) 5.0 
and 1.285. 

F o r  the boundary  l a y e r  of a s u p e r s o n i c  je t  the d imens ion l e s s  dens i ty ,  veloci ty ,  and t e m p e r a t u r e  can be wr i t t en  
in the fol lowing f o r m  [1]: 

Pc 1 + (t3--* - -  1)vl 1 ---O*a~,~ [1 - - (1  --433/2)z] z 
1 + (0-*-- 1)n 

u--%= a--(1--~3/2)z'  T 1  ( ~ )  
Uo To 0-* + ~1 l - -  . 

In t he  case  of d i s c h a r g e  of an underexpanded  s u p e r s o n i c  jet ,  if n d i f fe rs  only s l ight ly  f r o m  1, one can  
postula te  that  the flow is q u a s i i s o b a r i c  in the v ic in i ty  of the j e t  boundary .  An analogous  hypothes i s  was  made  

[5], and it was  noted in [6] tha t  a change of the dens i t i es  of the je t  and the m e d i u m  by a f a c t o r  of s e v e r a l  did 
not change the un ive r sa l  na tu re  of the p ro f i l e s  of ve loc i ty  and t e m p e r a t u r e .  On this  bas i s  we c o n s i d e r  tha t  
under  the above condi t ions ,  f o r  the s a m e  s tagna t ion  t e m p e r a t u r e s ,  the r a t e s  of i n c r e a s e  of the apparen t  m a s s  
along the des ign jet  (dq /dx)n= 1 and the underexpanded  je t  (dqn /dx)n~  1 a re  the s a m e ,  if the Mach n u m b e r  M b 
is the s a m e  at the boundar ies  of  these  je t s ,  i .e . ,  if the condi t ion can be wr i t t en  in the f o r m  

\ dx I~.~ (5) 

f o r  

(0-%=1 = (0-*)~, 

(Mb),,=, = (MO,~I. 

Allowing f o r  the fac t  that  (Mb)n= 1 = (Ma)n= l, condit ion (7) can be r ewr i t t en  as:  

Then the apparen t  m a s s  of an tmderexpanded je t  is found f r o m  Eq.  (5), a l lowing fo r  Eq. (4): 

(6) 

(7) 

(8) 

{dq  dx= k,+2k  x d x : k ,  
o '\ dx ]n=1 ra \ ra ] 

(9) 
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where S ~ is the distance along the curved boundary of the anderexpanded jet to the desi red section. This means 
that the apparent  mass  of an underexpanded jet can be determined as the apparent  mass  of a design jet for 
which Ma = Mb at the nozzle exit, i.e., instead of ka(Ma) we substitute the value kb(Mb), where for  n < ! 

i a,1 ]llJ 2 
I+ kUL-i 

and for n > i 

{ ) I} 
1/2 .~b= ~ 2  [n-~-. 1+ ~ - - 1  M~ -- 1 

The results of the calculations are shown in Figs. 3 and 4. When approximations (I) and (2) are used to 
determine the apparent mass of slightly underexpanded jets, the proposed relation (9) shows good agreement 
with different experimental data. Figure 3 shows the calculated curves, in comparison with the test data of [4], 
which investigated isotherma| jets (-0" = I), i.e., jets of underheated air discharging into air at supersonic 
speeds. 

An analogous comparison, but for nonisothermal jets, has also been made with our experiments conducted 
for this purpose at slightly underexpanded conditions (Fig. 4). These have also confirmed the validity of the 
suggested hypotheses and confirmed that one can use the relations proposed to calculate the apparent mass of 
supersonic jets with different degrees of underheat. 

NOTATION 

x, y, longitudinal and transverse coordinates; T 0, jet stagnation temperature; Ps, Ts, pressure and tem- 
perature of the surrounding air; "0" = To/T s, relative underheat temperature of the jet; da, ra, diameter and 
radius of the nozzle exit; ~ = x/d a, relative jet length; k a, adiabatic exponent; M a, M b, Mach number at the 
nozzle exit and at the jet boundary; Pa, pressure at the nozzle exit; n = Pa/Ps, degree of underexpansion of the 
jet discharge; b i, mixing constant; Xen t, length of the jet entrance section; Xen t =xs/d a, relative length of the 
entrance section; a = (k a - i)/(k a + 1); k, velocity coefficient; QE, total gas flow rate in a transverse section 
of the jet; Qa, gas flow rate through the nozzle; Qab.m, absolute apparent mass of the jet; q, qan, relative ap- 
parent mass of the design and underexpanded jets; p, u, T, density, velocity, and temperature of the gas in the 
jet boundary layer; p 0, u0, density and velocity of the gas in the jet; Yl, Yz, transverse coordinates of the inner 
and outer edges of the boundary layer (Fig. 3); b, width of the boundary layer; 7, dimensionless transverse 
boundary layer coordinate; a, ratio of the molecular weights of the gases of the surrounding medium and the 
jet. 
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